Abstract.
Question 3. Does there exist a F,}, not paracompact, simplicial complex K, with the star of each vertex open? (We assume that the dimension of AT is 1 and that, if x / y are vertices, there is at most one 1-simplex [x, y] of K having x and y as its end points. Observe that the vertices of K testify that K is not collectionwise Hausdorff; that is they cannot be covered by a family of disjoint open sets each containing only one vertex.)
A yes answer to Question 1 implies a yes answer to Question 2 which implies a yes answer to Question 3 (see Lemma 1). While trying to anwer the topological Question 3, Hugh Dowker was led to ask Question 1, the title question of [1] .
So far as I know, Question 1 is still unanswered. The purpose of this note is to prove that the answer to Question 2 (and thus also Question 3) is yes. However, I conjecture that the answer to Question 1 is no. Lemma 1. // the answer to Question 2 is yes, so is the answer to Question 3.
Proof.
Suppose X and {Fx \ x G X} give a yes answer to Question 2. We can assume that for each x G X, f]Fx = 0. For otherwise, define F'x = {/ -f)Fx I / G Fx}. Clearly f)Fx = 0 and {F'x \ x G X} has all the properties desired of {Fx \ x G X}. To see that (2.a) holds, assume on the contrary that for every x G X, there is f(x) G Fx such that x^y implies that either y <£ (f(x) -f)Fx) OTX$(f(y)-C\Fy).
By (2.b) for all x G X, there is gx(y) G Fy for all y G X such that, if y =£ x in X, then either x £ gx(y) or y £ 9x(z)-For each x G X suppose f(x) G Fx; define fc(x) = f(x) n gx(x). By (2.a) there are x # y in X such that x G k(y) and y E k(x). Since y G k(x) E gx(x), x £ gx(y). But x G k(y) E f(y) so, since gx(y) G Fy, Let {i/A,e(^) I ^4 G Fx and 0 < e < \} be a basis for the topology of K at x. This complex trivially has the desired properties.
Theorem. The answer to Question 1 is yes.
Proof. Let X be the set of all ordinals less than c = |R|. Let G = {A c X | Ais-countable} and B = {A C G | A is finite}. Index {fc: N2 -+ (X X B)} as {kx j x < c} in such a way that each fc is kx for c many x's.
For all y G X we define Suppose that for every x G X, fx E Fx. We find x # y in X with xE fy and y G /x. Let l/x denote the finite set of subsets of X such that fx = f]{fx(Y) \ Y E l/x}.
We first choose a function h: N2 -> X by induction. For ¿ G N we let íf¿ = {h(i',j) | ¿' < ¿} and we assume that Hl is finite. Every y G X has an "z'th characteristic function" cy : (\JxeH ]fx) -* 2 defined by cy{Y) = 1 if and only if y G Y. If ci,...,cn is a listing of the possible ¿th characteristic functions for terms of X -Hi, for each j < n choose y G X -ií¿ with cy = c^; then define h(i,j) = y.
For j > n, define fe(z, /) = h(i, 1). Lemma 2. 77ie existence of a first countable, T4, noncollectionwise Hausdorff space implies the answer to Question 2 is yes with the Fx 's each being countable.
Proof.
Let S be the space and X the closed discrete set of points in S which cannot be separated; we assume without loss of generality, that the points of X -S are isolated. For each x G X, choose an open basis U\(x) D U2(x) D ••• for the topology at x with Ux(x) n X = {x}. For each x G X, let /"(x) = {y G X -{x} | Un(x) n t7n(y) # 0}. Then, if Fx = {fn(x) | n G N}, {Fx | x G X} has the desired properties.
Comments on cardinalities. It has long been known that there is a model for ZFC in which there is a T4, noncollectionwise Hausdorff space of countable character. In another model, all T4, noncollectionwise Hausdorff spaces have character greater than c.
If X and {Fx | x G X} yield a yes answer to Question 2, the manifold K constructed as in the proof of Lemma 1 is a T4, noncollectionwise Hausdorff space and each vertex x has character < |FX| (or countable if Fx is countable). By the proofs of Lemmas 1 and 2, the existence of X and {Fx | x G X} yielding a yes answer to Question 2 with each Fx countable is equivalent to the existence of a K yielding a yes answer to Question 3 of countable character is equivalent to the existence of any T4, noncollectionwise Hausdorff space of countable character; and all are undecidable in ZFC. Similarly the existence of X and {Fx \ x E X} yielding a yes answer to Question 2 with each Fx of cardinality < c or a K yielding a yes answer to Question 3 of character < c is undecidable in ZFC.
The X of our Theorem has cardinality c. The cardinality of a particular Fx depends on the choice of {ky \ y G X}, but it could be as much as 2C. There is a consistency example with the cardinality of X = u>x and all Fx are countable. But for a real example, one cannot hope to do much better. However, none of these solutions of Question 2 are apt to lead to a solution of Question 1 since Dowker proves that any X and F yielding a yes answer to Question 1 must have the cardinality of X greater than oj2. For completeness I give some of Dowker's results.
Comments on Question 1 (Dowker). Suppose that X and F yield a yes answer to Question 1 and that the cardinality a of X is minimal for such to exist. Then Y G F implies Y has cardinality a since {An Y | A G F} would be an "F" set for Y. Let ß be the minimal cardinality of a subset of X whose complement is not in F. By (l.a), no nested sequence of members of F has empty intersection. If Y = fa h < ß) C X and for each 6 < ß, Y6 = X -{y1 | 7 < 6}, then {Ys \ 6 < ß} is a nested sequence of members of F; hence ß < a. Since there is such a Y with (X-Y) £ F, and ß < a implies Y £ F, F is not an ultrafilter. Assuming (X-Y) £ F, let /: X -* F satisfy (Lb) and, for 6 < ß, define Y*s=Ysn f(Ys). Then Y*6 G F and C)8<ßY*6 = 0. It is impossible to have ß < w since then Zg = ("]-,< 5^ £ F and {Zs \ 6 < ß} is a nested sequence with empty intersection. Hence w < p < a and q > W2- 
